Abstract. The thickness, N IR(K) of a knot or link K is defined to be the radius of the largest solid tube one can put around the curve without any self intersections, which is also known as the normal injectivity radius of K.
Introduction
In this article, the local structure of C 1,1 relatively extremal knots and links in R n will be studied, particularly the extremal knots and links with maximal constant generalized curvature. The non-constant curvature case was studied in our earlier article [D2] . The thickness or the normal injectivity radius N IR(K, R n ) of a knotted curve (or link) is the radius of the largest tubular neighborhood around the curve without intersections of the normal discs. Several different notations for thickness appeared in the literature. R(K) was used for thickness in [LSDR] and [BS] . [GM] showed that the thickness η * (K) was equal to the minimum ∆(K) of ρ G , the global radius of curvature for C 2 curves. In [CKS] , Cantarella-Kusner-Sullivan defined thickness τ (K) by the infimum of the global radius of curvature and proved that it was the normal injectivity radius for C 1,1 curves. The ideal knots are the embeddings of S 1 into R 3 , maximizing N IR(K, R 3 ) in a fixed isotopy (knot) class of fixed length. More generally, a relatively extremal knot is a relative minimum of the ropelength or isoembolic length, ℓ e (K) = ℓ(K) N IR(K,R n ) in C 1 topology, where ℓ denotes the usual length. The tight links and ideal knots belong to the relative minima of the ropelength. The notion of ropelength has been defined and studied by several authors, Litherland-Simon-Durumeric-Rawdon (called its reciprocal thickness in [LSDR] ), Gonzales and Maddocks [GM] , CantarellaKusner-Sullivan [CKS] and others. Cantarella-Kusner-Sullivan [CKS] defined ideal (thickest) knots as "tight" knots.
As J. Simon pointed out that there are physical examples (no proofs) of relatively extremal unknots in R 3 , which are not circles, and hence not ideal knots. One can construct similar physical examples for composite knots. For dimensions n = 3, every 1-dimensional knot is trivial through an isotopy of curves of zero thickness. At a strict relative minimum K of ropelength, one can not isotope the ndimensional solid tube of radius N IR(K) around K without increasing the length of K. Hence, one should not assume that all of the relative minima of ropelength in R n (for n = 3) is the absolute minimum, that is a planar circle. The thickness can be written in terms of the generalized curvature κ and double critical self distance DCSD(K) which is the shortest length of the segments perpendicular to K at both end points. Section 2 has the formal definitions. Thickness Formula was discussed for C 2 −knots in R 3 in [LSDR] , and for C 1,1 knots in
. Also, [CKS, Lemma 1 ] proved the Thickness Formula below for C 1,1 knots and links in R 3 , since the geometric and analytic curvatures are the same:
The notion of the global radius of curvature ρ G developed by Gonzales and Maddocks for smooth curves in R 3 defined by using circles passing through 3 points of the curve in [GM] is another characterization of N IR(K, R 3 ). This is still true for all continuous curves by [CKS, Lemma 1 ] . The construction of ρ G and rolling ball radius R O for curves in R 3 are different in nature due to 3-point intersection condition versus 1-point of tangency and 1-point of intersection condition. However, at the infimum they tend towards the same quantity: N IR(K, R 3 ), [CKS] .
, a rolling ball/bead description of the injectivity radius in R n , was known by Nabutowsky for hypersurfaces, by Buck and Simon for C 2 curves, [BS] , and by Cantarella, Kusner and Sullivan [CKS, Lemma 1 ] . Although the equality N IR(K, M ) = R O (K, M ) is generalizable to all dimensions and to Riemannian manifolds [D1] , the notion of ρ G can not be used beyond the spaces of constant curvature.
In all of our results, the manifolds K are allowed to have several components (unless stated otherwise). If K is one dimensional, we will use γ : D → K for a parametrization of K where D can be taken as a finite disjoint union of intervals and circles, S 1 . Hence, all closed curves are C 1 at the closing point.
GENERAL THICKNESS FORMULA [D1, Theorem 1 ]
For every complete smooth Riemannian manifold M n and every compact C
For every union of finitely many disjoint C 1,1 simple closed curves K in R n , one has [M]-Dubins [Du] ) Given p, q, v, w in R n , with v = w = 1. Classify all of the shortest curves in C(p, q; v, w) which is the set of all curves γ between the points p and q in R n with γ ′ (p) = v, γ ′ (q) = w and κγ ≤ 1 = Λ. [D2, Theorem 2] Let K be a union of finitely many disjoint C 1,1 simple closed curves in R n and γ : D → K ⊂ R n be a parametrization. If K is a relative minimum of ℓ e and ∃s 0 ∈ D, κγ(s 0 ) < sup κγ, then both of the following holds.
(
) is a CLC( sup κγ)-curve where the line segment has positive length and contains γ(s 0 ), and each circular part has at most π radians angle ending at a point of I c (K).
[D2, Corollary 2] Let K be a union of finitely many disjoint C 1,1 simple closed curves in R n . If K is a relative minimum for ℓ e and curvature of K is not iden-
Markov [M] , Dubins [Du] and Reeds and Shepp [ReSh] studied the 2−dimensional cases for Problem 2. In dimension 3, the following results of H. Sussmann obtain the possible types solutions for this problem. A helicoidal arc is a smooth curve in R 3 with constant curvature 1 and positive torsion τ satisfying the differential equation τ ′′ = 1.5τ ′ τ −1 − 2τ 3 + 2τ − ζτ |τ | 1/2 for some nonnegative constant ζ.
THEOREM. (Sussmann [S]) 1. For the Markov-Dubins problem in dimension three, every minimizer is either (a) a helicoidal arc or (b) a concatenation of three pieces each of which is a circle or a straight line. For a minimizer of the form CCC, the middle arc has
length ≥ π and < 2π.
Every helicoidal arc corresponding to a value of ζ such that ζ > 0 is local strict minimizer.
Sussmann further proves that CSC-conjecture (every minimizer is either CCC or CLC, [ReSh] ) is false in R 3 [S, Propositions 2.1 and 2.2 ]. In [S] , the details of the steps of the proof of Theorem 1 of Sussmann are provided, but there are only few remarks about proof of its Theorem 2.
The main result of this article is the following Theorem 1 below which shows the nonexistence of a relative minimum K for ℓ e with 
Definitions and Notation
We assume all parametrizations γ : D → K ⊂ R n are one-to-one and γ ′ = 0.
In all of the above, r may be omitted when r = 1. K will be omitted unless there is an ambiguity.
Definition 6. A pair of distinct points p and q in K are called a double critical pair for K, if the line segment pq is normal to K at both p and q. The double critical self distance is
Review of Some Basic Tools from [D2]
K denotes a union of finitely many disjoint C 1,1 simple closed curves in R n and γ : D → K ⊂ R n denotes a one-to-one non-singular parametrization, where n and we will omit the lower index (i) to simplify the notation wherever it is possible. We will identify S 1 ∼ = R/LZ, for L > 0, and use interval notation to describe connected proper subsets of R/LZ. In other words,
for proofs of the following propositions that will be used in this article.
a) ([CKS, Lemma 3] and [L]) If
R O (K m ) ≥ r for sufficiently large m, then R O (K) ≥ r. Consequently, lim sup m R O (K m ) ≤ R O (K). (b) If lim inf m DCSD(K m ) > 0, then lim inf m DCSD(K m ) ≥ DCSD(K). Definition 7. For γ : D → K ⊂ R n , define (a) I c = {x ∈ D : ∃y ∈ D such that γ(x) − γ(y) = DCSD(K) and (γ(x) − γ(y)) · γ ′ (x) = (γ(x) − γ(y)) · γ ′ (y) = 0} and K c = γ c = γ(I c ) (b) I z = {x ∈ D : κγ(x) = 0} and K z = γ z = γ(I z ) (c) I mx = {x ∈ D : κγ(x) = 1/R O (K)} and K mx = γ mx = γ(I mx ) (d) I b = {x ∈ D : 0 < κγ(x) < 1/R O (K)} and K b = γ b = γ(I b ) Proposition 2
. ([CKS, Theorem 7], [GL], [GMSM]) For any knot/link class
Proposition 4. (Also see [GM, p4771] 
is a countable union of open ended line segments, and hence
I b ⊂ I c . (b) If DCSD(K) > 2R O (K), then K −K mx is a
countable union of open ended line segments, (in fact ∅ by [ Theorem 2 of D2])

Proof of Theorem 1
In dimension 3, the following coincides with the standard definitions except the sign of the torsion. For a C 3 curve γ : I → R n , n ≥ 3, parametrized by arclength, i.e. γ 
Consider the variation γ ε (t) = γ(t) + εN(t) and
Since K is compact and κΓ ε is a C 2 function of t and ε, there exists ε 0 > 0 such that ∀ε ∈ (0, ε 0 ), ∀t ∈ S 1 , (κΓ ε (t) < 1). Hence, ∀ε ∈ (0, ε 0 ), max κΓ ε < 1 and
For sufficiently large m,
This contradicts to the fact that K is relative minimum of ℓ e . Consequently, 
Repeat the same proof as in (a) until and including "Suppose that
Since K is a relative minimum of ℓ e , K * m is a relative minimum of ℓ e , for sufficiently large m. K * m does not have constant maximal curvature 1 everywhere, since max κΓ 1/m < 1. Hence, by [D2,
) for sufficiently large m, which contradicts above. Consequently,
Lemma 2. Let γ : [0, L] → R n be be a C 2 −curve parametrized by arclength with constant curvature 1:
Proof. We include this elementary computation for the sake of completeness.
(a) Recall that:
By the classical First Variation Formula, [CE] :
This is also true for K with several components.
Proof. By [D2, Corollary 2 ], κγ ≡ 1. Reparametrize γ : 
which contradicts relative minimality of K for ℓ e . If K has finitely many components, then at least one of the components of K contains infinitely many pairs {γ(a m ), γ(b m )} specified as above, and the rest of the proof is the same.
Proof. (THEOREM 1) Let n be a dimension such that (i) every minimizer for the Markov-Dubins problem in R n is either a smooth curve with curvature 1 and positive torsion, or a C 1 −concatenation of finitely many circular arcs of curvature 1 and a line segment, and (ii) every CCC−curve with the middle arc of length < π is not a minimizer. First consider the case of a connected K. Suppose that there exists a relative minimum K of ℓ e such that N IR(K,
, where γ : 2 ]) have a common piece and hence they must be of the same type. Inductively, we conclude that either all of K is a smooth curve with positive torsion or a C 1 −concatenation of finitely many circular arcs. Proposition 5 and F k (K) < 1 2 DCSD(K) exclude the smooth case with τ > 0, and imply that K must be a concatenation of finitely many circular arcs.
We will assume that two successive circular arcs have distinct centers, i.e. no trivial concatenations. If any of the circular arcs of K has length π or more, one can find 2 diametrically opposed points on it, forming a minimal double critical pair, and N IR(K, R n ) = F k (K) = For sufficiently large m,
which contradicts relative minimality of K. This shows the nonexistence of concatenations only with circular arcs of length < π. Actually, the existence of one circular arc of length < π actually led to the contradiction. Since all cases lead to a contradiction, one must have N IR(K, R n ) = 1 2 DCSD(K). The extension to several component case is straightforward, by Proposition 5, [Corollary 2 of D2], and the proof of the final case being a local argument.
